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Most of current cosmological theories are built combining an isotropic and homogeneous manifold
with a scale factor that depends on time. If one supposes a hyperconical universe with linear ex-
pansion, an inhomogeneous metric can be obtained by an appropriate transformation that preserves
the proper time. This model locally tends to a flat Friedman-Robertson-Walker metric with linear
expansion. The objective of this work is to analyse the observational compatibility of the inhomoge-
neous metric considered. For this purpose, the corresponding luminosity distance was obtained and
was compared with the observations of 580 SNe Ia, taken from the Supernova Cosmology Project
(SCP). The best fit of the hyperconical model obtains χ20 = 562, the same value that the standard
ΛCDM model. Finally, a possible relationship is found between both theories.
PACS numbers: 98.80.Es, 98.80.Jk
I. INTRODUCTION
A. Motivation
Eddington [1] used the analogy of a balloon to explain
Hubble’s law. According to this heuristic model, if we
draw galaxies on a balloon surface that is inflating, the
galaxies are separating from each other in a similar way
as our universe is expanding. Therefore, parallelism is
carried out between the balloon 2-surface (2D) and the
3-surface (3D) of our universe, with the radius expanding
as a function of time. The balloon expansion implies a
time dimension, and its curved 3-surface implies that it
is contained in a larger dimensional space. The balloon
model of Eddington corresponds to a 3-spherical universe
embedded in a 4+1 space-time manifold.
Modern cosmology is based on General Relativity
(GR), i.e. it is constructed on pseudo-Riemannian man-
ifolds M with a Lorentzian metric g, usually noted as
(M ,g). For instance, let M ⊆ Rn+1 be an (n + 1)-
dimensional Lorentzian manifold with n spatial dimen-
sions and one temporal. This work uses the (1, n) sig-
nature referring to one positive and n negative eigen-
values of the metric, and notes R1,nη := (Rn+1, η1,n)
for the Minkowskian manifold (typically n = 3) with
this signature, i.e. with a flat diagonal metric η1,n :=
diag(1,−1, ...,−1).
Most of observations support the standard cosmology,
including the Cosmic Microwave Background (CMB) and
type Ia Supernovae (SNe Ia). However it requires some
assumptions to explain the known “horizon and flatness
problems” and why the universe began to expand. Par-
ticularly, inflation theory attempts to complete the cos-
mology theory using a hypothetical super-rapid expan-
sion in the early stages of the universe, which could favour
the high homogeneity and isotropy of the universe today.
However, this theory presents some problems: According
to Penrose [2], Steinhardt [3], an inflationary universe is
much less probable than a non-inflationary universe, and
Earman & Moster´ın [4], Hollands & Wald [5] argue that
no observations support the validity of this theory.
Current cosmological theories are based on the ΛCDM
model, constructed using the Friedmann equations and
the Friedmann-Lemaˆıtre-Robertson-Walker (FRW) met-
ric. This model requires fitting several parameters ac-
cording to cosmological observations [6]. The most im-
portant fitted parameter is the cosmological constant,
which is related to dark energy.
Modified Gravity (MOG) theories are being tested in
order to find alternatives to dark energy, but they are still
inconclusive [7, 8]. Moreover, they are resurging cosmo-
logical theories based on fewer parameters, such as the
linearly expanding model, which seem to be compatible
with observations [9, 10]. In this sense, Eddington’s idea
about the embedded universe can be useful to develop
these unconventional cosmologies.
B. Problems of the current theory
Despite the good agreement with CMB measurements
from international projects such as COBE, WMAP and
Planck, some problems are found in the current cosmo-
logical theories. Probably, the most important problem
of the ΛCDM theory is the no-direct detection of the cos-
mological constant, or its related dark energy, outside the
framework of the theory. Despite the high precision of re-
cent cosmological measurements, some authors describe
tensions between several measurements when interpreted
within the ΛCDM models [11, 12]. In fact, important
errors could occur when applying General Relativity to
cosmology, as the formulation of this theory does not
guarantee that it is valid at cosmological scale. Another
limitation of the Friedmann Equations is that they as-
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2sume the universe can be approximated as a perfect fluid,
but this is not the case in general.
In addition, the Friedmann-Lemaˆıtre-Robertson-
Walker (FRW) universes consider spatial and temporal
factors are separable. In particular, spatial coordinates
~` can be written using comoving coordinates ~`′ and a
scale factor a(t) varying with time t. However, some
problems are found for embedded manifolds. For ex-
ample, if the universe is characterised by an expand-
ing 3-sphere S3R :=
{
~` ∈ R4 : |~`| = R(t)
}
of radius R(t)
and centred in the origin (singularity in t = 0), the
scale factor is a(t) = R(t)/R(to) and total spatial co-
ordinates are ~` = a(t)~`′ ∈ S3R. Therefore, the line el-
ement contains both spatial and temporal differentials,
i.e., d` = a(t)d`′ + `′da(t). However, the FRW universes
assume the spatial differential does not contain any tem-
poral differential: d~` = a(t)d~`′. In this way, the FRW
metrics have differential lines:
ds2 = dt2 − d~`2 = dt2 − a(t)2d~`′2 (1)
Using an adequate transformation, the additional tem-
poral term `′da(t) can be absorbed into the spatial term
a(t)d`′, but producing a radial inhomogeneity (see Sect.
II). Therefore, even for the simple case of a 3-sphere ex-
panding as R(t) = t, the (isotropic and homogeneous)
embedded manifolds cannot be described by the FRW
metric due to the resulting inhomogeneity (under the in-
trinsic view).
On the other hand, several coincidences cannot be ex-
plained by the standard model: Why is the temperature
isotropic in regions initially disconnected (“horizon prob-
lem”)? Why is energy density approximately equal to the
critical density (“flatness problem”)? Why is the age of
the universe close to the Hubble time? What is the ori-
gin of dark energy? Is it possible that other models can
explain all these issues?
The apparent coincidence between the current age
of the universe (t0) and the current size of the Hub-
ble sphere (1/H0) has been recognised by other authors
[10, 14, 15]. For this reason, alternative cosmological
models are based on the equality 1/H = t, such as the
Milne or Dirac-Milne model or Melia’s universe [9, 16].
These models have been criticised because they predict
an equation of state of w = −1/3, however the criticisms
are based on the assumption that Friedmann equations
are valid (and they are not necessarily valid) [17]. For
instance, Jimenez et al. [18] demonstrated that observa-
tions of the universe’s flatness are based on the assump-
tion of validity of the current model and, changing the
frame theory, the same observations can be explained us-
ing another geometry, even with positive curvature.
This work focuses on the same simple hypothesis (lin-
ear expansion), but analyses the curvature tensor accord-
ing to the view of a hypothetical observer located in the
hypersurface of an expanding universe of positive or nega-
tive curvature. This contrasts with the Dirac-Milne uni-
verse, which assumes a negative curvature in a classic
FRW metric [9]. The starting point of the new metric
is the construction of a 4-dimensional Lorentzian mani-
fold embedded into the flat 5-dimensional Minkowskian
space-time.
The aim of this work is twofold. Firstly, a new method
is presented for obtaining radial inhomogeneous metrics
by using the extrinsic view of an (embedded) homoge-
neous and isotropic universe with linear expansion. The
inhomogeneity is built through an appropriate transfor-
mation that preserves the proper time. Secondly, the
model is tested comparing the theoretical and empirical
luminosity distance using data from Type Ia supernovae.
C. ΛCDM model
A reminder of the standard cosmological theory is re-
quired in this work in order to present a comparison with
the new results. FRW metric is obtained by combining a
manifold with constant spatial curvature K and a scale
factor a(t), which expands with time t. One can sup-
pose the spatial section of the universe is a 3-sphere S3
of curvature K = 1/R2, or a 3-hyperboloid H3 of cur-
vature K = −1/R2, where R is the radius of curvature
(i.e., a general curvature is K = ±1/R2). The Euclidean
space (flat universe) can be taken as the limit as K ap-
proaches zero. With this, the square of the line element
in comoving spherical coordinates (t, r′, θ ,φ) is:
ds2 = dt2 − a(t)2
(
dr′2
1−Kr′2 + r
′2dΣ2
)
(2)
where dΣ 2 := dθ2+sin2θdφ2. Scale factor a(t) represents
the expansion of the universe, and hence the Hubble pa-
rameter is defined as H := a˙/a. The Ricci tensor Rαβ is
calculated using the metric gαβ deduced from Eq. 2, and
thus, Einstein field equations are obtained according to:
Rαβ − 1
2
gαβR = 8piGTαβ + Λgαβ (3)
where R is the Ricci curvature scalar, G is the gravita-
tional constant, Λ is the cosmological constant and Tαβ
is the stress-energy tensor. If one assumes an homoge-
neous perfect fluid at rest (of density ρ and pressure p)
and calculates the Ricci tensor, the following Friedmann
equations are obtained:(
a˙
a
)2
=
8piGρ
3
+
Λ
3
− K
a2
(4)
2
(
a¨
a
)
+
(
a˙
a
)2
+
K
a2
− Λ = −8piGp (5)
3If critical density is defined as ρcrit := 3H0
2/8piG,
where H0 is the current value for the Hubble parame-
ter, Eq. 4 is usually rewritten as:
H2
H0
2 =
ρ
ρcrit
+
ρΛ
ρcrit
− K
H0
2a2
(6)
where ρΛ is the dark energy density, defined as ρΛ :=
Λ/8piG. Assuming that matter density ρ is cold (non
ultra-relativistic), its equation of state p = wρ is ap-
proximately w ≈ 0, and it varies by the expansion as
a−3. If the universe is dominated by radiation or ultra-
relativistic particles, w ≈ 1/3 and ρ varies as a−4. There-
fore, Eq. 6 can be rewritten as:
H2
H0
2 = Ωr
(ao
a
)4
+ Ωm
(ao
a
)3
+ ΩK
(ao
a
)2
+ ΩΛ (7)
where Ωi := ρi/ρcrit are the ΛCDM parameters for ra-
diation (ρr), matter (ρm), dark energy (ρΛ) and curva-
ture (ΩK := −K/H20a2o). Since redshift z depends on
the scale factor as 1 + z = ao/a, trivially, the parame-
ter Hubble H depends on the redshift z [19]. Interna-
tional projects assuming the ΛCDM model, such as the
Wilkinson Microwave Anisotropy Probe (WMAP) and
the Planck Mission, have estimated that Ωr ≈ 8.4 · 10−5,
Ωm = 0.3089±0.0062, ΩΛ = 0.6911±0.0062 and ΩK ≈ 0.
Due to the interest in this work, the parameter of curva-
ture ΩK has not been neglected.
D. Measurement of cosmological distances
Some definitions are also required, especially to distin-
guish among the main cosmological distances: the light-
travel distance (or universe age), the comoving distance,
the angular distance, the luminosity distance and the dis-
tance modulus.
Light-travel distance. If the Hubble time is defined as
tH = 1/H, the light-travel distance or lookback time dt is
linked with the scale factor 1+z as dt/tH = −dz/(1 + z).
Therefore, the age of the universe can be obtained from
the total light-travel distance [19]:
t0 =
∫ ∞
0
dz
(1 + z)H(z)
=
1
H0
FT (8)
where FT is the time correction factor, i.e., the quotient
between the Hubble time (H−10 ) and the age of the uni-
verse (t0). For the ΛCDM model, it is:
FT =
∫ ∞
0
dz
(1 + z)
√
Ωm(1 + z)3 + ΩK(1 + z)2 + ΩΛ
(9)
Particularly, for a flat universe without any cosmologi-
cal constant it is obtained FT = 2/3. However, for the
WMAP values (Ωm, ΩΛ) = (0.279, 0.721), the correc-
tion factor is close to 1, and the Planck values (Ωm, ΩΛ)
FIG. 1: Quotient FT between the age of universe age (toˆ)
and the Hubble time (1/Ho), according to several studies
under the flat standard model (one sigma interval error):
WMAP9 (ΩΛ = 0.721±0.025), WMAP9+SNe (ΩΛ = 0.740±
0.018), WMAP9+SPT+ACT+SNLS3 (ΩΛ = 0.736 ± 0.017),
WMAP9+SPT+ACT+SNLS3+SNe (ΩΛ = 0.744 ± 0.014),
WMAP9+SPT+ACT+SNLS3+SNe+BAO (ΩΛ = 0.717 ±
0.009), Planck 2015 (ΩΛ = 0.686± 0.020) [20–22].
= (0.314, 0.686) showed that factor is about FT = 0.95
(Fig. 1). This leads to the hypothesis that linear ex-
pansion could be compatible with observations within an
appropriate theoretical frame (see Sect. II and IV).
Comoving distance. Another interesting measurement
is the comoving distance r′. This is given by the null
geodesic with no angular variations (dΩ = 0 ) in the con-
sidered metric. This distance can be written using the
redshift z and the Hubble parameter, H = a˙/a, with the
scale factor expressed as a/aoˆ = 1/(1 + z) where aoˆ ≡ 1
is the current value of a. For example, using spherical
coordinates (t, r′, θ, φ) in a diagonal metric g = (1, gr′r′ ,
gθθ, gφφ), the comoving distance is given by:∫ r′
0
√
gr′r′dr
′
a
= −
∫ t
toˆ
dt
a
=
∫ z
0
dz
H(z)
(10)
For a ΛCDM universe, one can find:
r′ = sinK
∫ z
0
dz
Ho
√
Ωm(1 + z)3 + ΩK(1 + z)2 + ΩΛ
(11)
where sinK x := lim→K −1/2 sin(1/2x), i.e., sin0(x) =
x, sin+1 x = sinx, sin−1 x = sinhx, and recall that K =
−ΩKH2o .
Angular distance. Angular distance rA is given by the
proper area of an infinitesimal surface dA with t and r′
4constant, i.e.:
dA :=
√
gθθgφφdφdθ := r
2
A sin θdφdθ (12)
For metrics with gφφ = −a2r′2 sin2 θ and gθθ = −a2r′2,
the angular distance is related to the comoving distance
as rA = ar
′.
Luminosity distance. Using the above result, the lumi-
nosity distance is rL := rA/a
2 = r′/a, according to the
Etherington’s reciprocity relation [23]. Note that inho-
mogeneous metrics of the Lemaˆıtre-Tolman-Bondi (LTB)
type also satisfy the same relation between the angular
distance and luminosity distance [24].
Distance modulus. The luminosity distance is empir-
ically measured using the distance modulus (µobs), de-
fined as the difference between the absolute (M) and the
apparent (m) magnitudes, i.e. µobs := m−M , but mod-
ified by K-correction [25, 26]:
rL = 10
1+m−M+Kc5 (13)
where Kc is the K-correction, which is dependent on the
spectral index αo:
Kc(z) = −2.5(1 + αo) log10(1 + z) (14)
The luminosity distance can be estimated using the ap-
parent magnitude of the B-band, remembering that its
maximum absolute magnitude is about -19 [28, 29]. How-
ever, it should be noted that K-correction is not unique
[27].
Minimisation problem. In order to reduce the above
uncertainties, distance modulus µobs is directly used in
minimisation problems of cosmological models:
For a theoretical luminosity distance rL, the modulus
is µtheo := 5 log(rL/Mpc) + 25. The theoretical distance
modulus is usually rewritten using the current value of
the Hubble parameter Ho as:
µtheo := 5 log10(rLHo) + M˜ (15)
where M˜ can be supposed as a redefined constant, which
is degenerate with H0. The value of this constant can be
obtained by minimisation, in each case, according to:
M˜ =
∑
i
µobs,i − 5 log10(rL,iHo)
σ2µobs,i∑
i
σ−2µobs,i
(16)
where σµobs,i is the error interval of each observed modu-
lus µobs,i. Finally, the Pearson’s chi-squared χ
2 is taken
as a contrast statistic or measure of discrepancy between
the model estimation error and the observed error (sam-
ple variance):
χ2 =
∑
i
(µobs,i − µtheo,i)2
σ2µobs,i
(17)
In order to check the observational compatibility of a
proposed model, the predicted distance modulusis com-
pared with the observed one. For example, we can con-
sider Type Ia supernovae from the Supernova Cosmology
Project (SCP) Union2.1 database [30] [31].
II. GENERAL CONSIDERATIONS
A. Hypothesis of hyperconical universe
Let M ⊂ R1,4 be a support manifold contained in
the 5-dimensional Minkowski space, more specifically
M := R≥0 × R4, and with scalar product (·) given by
the most elementary Lorentzian metric η1,4 of signature
(1,4). To restrict the 5-dimensional support manifold
M to a 4-dimensional manifold H4, this paper explores
a constraint condition based on a hyperconical universe
with linear expansion. Particularly, the proper distance
between two points X,O ∈M is expanding as a function
of an observable parameter time t ∈ R≥0:
H4 :=
{
X ∈M : |X −O|η1,4 = βot
}
(18)
where βo ∈ C is a constant respect to the time t ∈ R≥0
but is dependent on the chosen O ∈M . For simplicity, O
is taken as the origin of the universe and βo is assumed as
a universal constant. Let C := (TOM, Id, η1,4) be a coor-
dinate system or chart such that the coordinates of the
points X,O ∈ TOM are respectively X = (x0, ..., x4) and
O = (0, ..., 0), with the identity function Id. For conve-
nience, the coordinates of X are rewritten as (tX , ~r, u),
where ~r := (x1, x2, x3) ∈ R3 is the ordinary 3-vector,
u := x4 ∈ R is the additional spatial dimension and
tX := x
0 ∈ R≥0 is the time dimension. Choosing coordi-
nates such as tX = t, the condition of the hypersurface
H4 is now ν2t2 − ~r2 − u2 = 0 with ν2 := 1 − β2o . Note
that the hypercone with ν > 0 is an asymptotic limit of
hyperboloid manifolds. In fact, if the constraint condi-
tion is taken as t2−~r2−u2 = α with constant α 6= 0, the
spaces are known as de Sitter universes [32, 33]. More-
over, H4 is not a Dirac-Milne universe because it admits
positive spatial curvature.
The manifold (H4, η1,4) is spatially homogeneous and
isotropic with respect to C. The homogeneity of H4 is
verifiable because it can be foliated by spatial hypersur-
faces Σt such that, ∀p, q ∈ Σt and ∀t, there exists a trans-
formation (diffeomorphism) carrying the point p to point
q and leaving the metric invariant. In other words, a
spheroidal submanifold S3t can be defined for each time
t as the intersection between the hypercone H4 and the
isochronous hyperplane at this time t:
S3t :=
{
(~r, u) ∈ R4 : ~r2 + u2 = ν2t2} ⊂ H4 (19)
Note that for βo > 1, the u component Wick-rotates and
S3t becomes a 3-hyperboloid (negative curvature). In any
5case, the time coordinate t is considered as the age of the
universe and the t-isochronous 3-spheroid or 3-parabloid
S3t could be homeomorph to our expanding spatial uni-
verse (Eddington idea), locally conformally flat. Conse-
quently, the universe manifold is globally hyperbolic, i.e,
each S3t is also a Cauchy surface.
In addition, H4 is spatially isotropic. That is, the
manifold H4 can be covered by a set of timelike curves
{X|γ} ⊂ H4 and ∀p ∈ X|γ and ∀v, w ∈ TpS3t orthogonal
to X|γ there exists a transformation (diffeomorphism)
that, leaving p fixed, carries v to w leaving the metric
invariant. These curves {X|γ} are called comoving ob-
servers.
The expansion of the universe is an absolute movement
with respect to O = (0,~0, 0)C , which is fixed (respect to
chart C). Therefore, the minimum movement of “parti-
cles” corresponds to the comoving observers, for example
(t,~0, νt)C ∈ H4. These particles are interpreted as points
at rest with respect to the expanding universe S3t .
B. Reference of an observer
According to an expected equivalence, an observer
that lives in H4 will measure local distances as in the
Minkowskian space R1,3η := (R4, η1,3). Therefore, the
proper time must be the same. For instance, let x0, x1 ∈
R1,3η be two static points of an observer with coordi-
nates x0 = (t0,~0) and x = (t,~0) with t > t0 > 0.
Their extended points in H4 are x0
′ = (t0,~0, νt0) and
x′ = (t,~0, νt), as we can take spaces R1,3η that intersect
to H4 at points x0 and x.
Then, there exists some diffeomorphism f : (H4 r
{O} , η1,4) → (R>0 × R3, g) := R1,3g with x0 = f(x′0)
and x = f(x′), such that the metric g inherits properties
of H4 and produces the same proper time t − t0 in R1,3g
as in R1,3η :
t− t0 = |x− x0|η1,3 = |f(x′)− f(x0′)|g (20)
That is, some transformation is required to go from the
extrinsic view of the manifold H4 ⊂ R1,4η to the intrinsic
view (observer) in R1,3g under a particular metric g.
For instance, we can find a linear transformation Tλ
acting as Tλ : (H4, η1,4)→ (M,η1,4) ⊂ R1,4η such that
t− t0 = |f(x′)− f(x0′)|g = |Tλ(x′)− Tλ(x0′)|η1,4 (21)
is satisfied. This implies that x0
′′ := Tλ(x0′) and x′′ :=
Tλ(x′) have the same u-component to be cancelled, e.g.
x0
′′ = (t0,~0, νλ) and x′′ = (t,~0, νλ) ∈ (M,η1,4), for some
λ ∈ R.
Let t ∈ R>0 and s ∈ R4 be respectively the temporal
and spatial components of a path X(t) = (t, s(t)) ⊂ H4.
H4
Let x′(t) = (t,~0, νt) ⊂ (H4, η1,4) be the comoving path
(observer) such that x0
′ = x′(t0) and x′ = x′(t) are the
used points in Eq. 21. Because an observer performs
measurements in t0 and t, the deformed path x
′′(t) =
Tλ(x′(t)) must exist in H4 during these measurements.
Then the deformation must be such as λ = t, i.e. Tt.
Thus, x′′ = x′ and x0′′ = (t0,~0, νt) ∈ R1,4. Now, the
u-component of the difference x′ − x0′′ is zero, and the
proper time is the same that Eq. 20. Therefore metric
g of H4 is induced by the differential line of x′ − x0′′ in
R1,4η :
|d (x− x0))|2g = |d (f(x′)− f(x0′))|2g =
= |d (x′ − x0′′)|2η1,4 (22)
The above discussion (Eq. 20-22) is equivalent to say-
ing that the observer fixes time coordinate for measure-
ments using a initial time toˆ, but it is moving with
respect to O := (0,~0, 0). Thus, its reference line is
Ô := xoˆ
′′ = Tt(x′(toˆ)) = (toˆ,~0, νt) ⊂ M (note that Ô
is generally outside H4, except at t = toˆ). This reference
line allows us to define the chart D := (ToˆM, Tt, η1,4).
According to the Eq. 22 the transformation produces a
deformation of the distance measurements equivalent to
the homomorphism f : H4 → R1,3g . Thanks to this, the
symmetric H4 becomes an inhomogeneous manifold with
metric g, i.e. R1,3g .
If XC = (t, ~r, u) ⊂ H4 is any curve, applying transfor-
mation XC → XD and the constraint condition ν2t2 −
~r2 − u2 = 0, its coordinates in M under D are:
XD =
(
t− toˆ, ~r, νt
√
1− r
2
ν2t2
− νt
)
(23)
where r := |~r|. Spatial components can be written in
spherical coordinates as ~r = ~krνt sin γ, where ~kr := ~r/r
is the direction of ~r and γ ∈ [0, pi) is the angle between
the vectors X−O and Ô−O. For radial curves X = X|γ
with a constant angle γ and constant direction ~kr with
respect to Ô, it is satisfied that:
0 = d( ~kr sin γ) = d
(
~r
νt
)
=
d~r
νt
− ~r
ν2t2
dt (24)
That is, a Hubble’s law (d~r/dt = ~r/t) is obtained as the
relationship between the velocity d~r/dt and the position ~r
of the comoving particles. Therefore, we can distinguish
between the variation of ~r due to the expansion of the
universe and the one due to other causes. In this sense,
comoving spatial coordinates ~r′ associated to ~r at time t
are defined as those that are equivalent for the time toˆ if
the only movement has been given by the expansion:
~r′ :=
toˆ
t
~r (25)
With this, coordinates of any curve X ⊂ H4 can be writ-
ten with respect to D as:
XD =
t− toˆ, t
toˆ
~r′,−νt
1−√1− r′2
ν2t2oˆ
 (26)
6C. Choice of projection
The deformation Tt : H4 → R1,4η leads to a differential
line that provides the metric g, but the output of this
transformation is in R1,4η and still has the unobserved
spatial u-coordinate. Therefore a map f i : R1,4η r {O} →
R1,3g is required to remove u, satisfying f = f i ◦ Tt, i.e.
H4 R1,4η
R1,3g
Tt
f f i
In this work, three possible projection maps {f i}2i=0 are
tested. The simplest map f0 : (t, ~r, u) = (tˆ, ~ˆr) ∈ R1,3g can
be chosen such that u is removed leaving the other coordi-
nates invariant, i.e. tˆ(t, ~r) = t, ~ˆr(t, ~r) = ~r, ∀~r2 < ν2t2 sat-
isfying the constraint condition of H4. This projection is
not surjective since its image is a subset of R1,3g . The map
has inverse only if we limit the domain to the points of
an hemisphere of S3t , i.e. for γ := tan
−1(r/u) ∈ [0, pi/2).
It is important to test surjective maps defined for one
or both hemispheres, i.e. for domains in γ ∈ [0, pi/2) and
γ ∈ [0, pi). These maps should be azimuthal and locally
conformal projections, that is, ftˆ(t,~0) ≡ t, frˆ(t,~0) ≡ 0
and frˆ(t,~) ≈ ~ for |~|  t.
Let y′(t) := (t,~0,−νt) 3 O be antipodal in S3t of the
comoving observer x′(t) = (t,~0, νt), with t ∈ R≥0. A
diffeomorphism f1 : H4 r {y′} → R1,3g is defined for γ ∈
[0, pi) by the projection (t, ~r, u) → (f1
tˆ
(t, ~r), f1rˆ (t, ~r)) =
(tˆ, ~ˆr) ∈ R1,3g with:
f1rˆ (t, ~r) = νt
γ
1− γpi
~kr (27)
where ~kr := ~r/r and γ = γ(r) := sin
−1(r/ν2t2). Finally,
another surjective projection map f2 : H4|γ<pi/2r{O} →
R1,3g is chosen such as:
f2rˆ (t, ~r) = νt
γ√
1− γpi/2
~kr (28)
For simplicity, we suppose that tˆ = f i
tˆ
(t, ~r) ≈ t for all con-
sidered projections (according to the end of Sect. V.B,
this is locally valid).
III. THEORETICAL FEATURES
A. Differential line element and metric tensor
Let X ⊂ H4 be any curve. The differential line element
dX is easily obtained knowing that d~r′ can be decom-
posed in spherical coordinates as d~r′ = dr′ ~kr + r′dΣ ~kΣ,
where dΣ ~kΣ := dθ
′ ~kθ + sin θ′dφ ~kφ is orthogonal to the
radial direction ~kr. According to the Eq. 22, and since
dtoˆ = 0, the square of the differential line element of X|D:
dX2 = dt2
2ν2√1− r′2
ν2t2oˆ
− 2ν2 + 1

− t
2
t2oˆ
 dr′2
1− r′2
ν2t2oˆ
+ r′2dΣ2
− t
toˆ
2r′
toˆ
dr′dt√
1− r′2
ν2t2oˆ
(29)
where we identify the curvature k−1 := ν2 = 1 − β2o
and the scale factor a := t/toˆ. It is easy to identify
the elements of the metric tensor gµν for the universe
described by the chart D. Defining b :=
√
1− kr′2/t2oˆ,
non-zero elements are:
g00 = 2k
−1(b− 1) + 1 (30)
gr′r′ = −a
2
b2
(31)
g0r′ = −ar
′
toˆb
(32)
gθθ = −a2r′2 (33)
gφφ = −a2r′2 sin2 θ (34)
Note that g00 has no problems for the case when k → 0,
since there exists the limit case.
Regarding chart D, some features can be highlighted.
Symmetrical spatial elements gii obtained from Eq. 29
are compatible with some FRW metrics, but elements
g00 6= 1 and g0r 6= 0, respectively, imply lapse and shift
terms, as in the Arnowitt-Deser-Misner (ADM) formula-
tion of gravity [34]. To compare g with the FRW metrics,
a diagonal version of the metric is given by the coordi-
nate change t′ := t
√
2k−1(b− 1) + 1, which is equivalent
to selecting g′00 = 1, g
′
0r = 0 and:
g′r′r′ = gr′r′ −
g20r
g00
= −a(t′, r′)2 1− k
−1(b− 1)2
b22k−1(b− 1) + 1) (35)
g′φφ = −a(t′, r′)2r′2sin2θ (36)
g′θθ = −a(t′, r′)2r′2 (37)
where a(t′, r′) = t′/(toˆ
√
2k−1(b− 1) + 1). Despite this,
differences remain in the FRW metric, resulting in an
inhomogeneous hypersurface, i.e. a radially dependent
model. Particularly, the t′-isochronous hypersurface is
similar to a paraboloid, in contrast to the homogeneous
hypersphere given by the t-isochronous (Fig. 2).
Note that this radial inhomogeneity is not a LTB type
because the scale factors of angular expansion aΣ :=
r/r′ = a and radial expansion ar := dr/dr′ = a (see
[24]) do not satisfy the relation ar = d(aΣr
′)/dr′ for the
function a = a(t′, r′) expressed in terms of t′ and r′.
7FIG. 2: Isochronous hypersurfaces normalised to universe age
scale (to ≡ 1) for: a) Homogeneous space (t-isochronous), ob-
tained considering coordinates such that g0r 6= 0 and g00 6= 1;
b) inhomogeneous space (t′-isochronous), obtained consider-
ing coordinates such that g′0r = 0 and g
′
00 = 1.
B. Redshift-distance relation
This section seeks to obtain the relation between the
comoving distance r′, the scale factor a and the redshift
z. For this purpose, firstly the null geodesic curve is
obtained for a photon (dΩ = 0 ). Using the diagonal
metric g′ (Eqs. 35-37) from the coordinate change t′ :=
t
√
2k−1(b− 1) + 1 where b(r′) = √(1−kr′2/t2oˆ), the null
geodesic curve is:
dt′ = −a(t′, r′)
√
1− k−1(1− b)2
b2(2k−1(b− 1) + 1)dr
′ =
− a
aoˆ
√
1− k−1(1− b)2
b(2k−1(b− 1) + 1)dr
′ (38)
where we have defined aoˆ(r
′) := a(t′oˆ, r
′) with t′oˆ = toˆ,
i.e., aoˆ = 1/
√
2k−1(b− 1) + 1. Then, the energy E of
the photon along the geodesic is described using an affine
parameter s and the linear momentum p := dr′/ds:
E :=
dt′
ds
= −a
√
1− k−1(1− b)2
b2(2k−1(b− 1) + 1)p (39)
In addition, according to the geodesic equation, it is ob-
tained that:
dE
ds
=
d2t′
ds2
= −>
0
Γ000E
2 − Γ0r′r′p2 − 2>
0
Γ00r′pE =
= −Γ0r′r′p2 (40)
where Γαβγ are the Christoffel symbols in coordinates
(t′, r′, θ, φ). Particularly, Γ0rr = − 12g′00∂t′g′r′r′ , then:
dE
ds
= aa˙
1− k−1(1− b)2
b2(2k−1(b− 1) + 1)p
2 = − a˙
a
E2 (41)
where a˙ := ∂t′a = a/t
′ = aoˆ/toˆ. Therefore, dividing
Eq. 41 and 39 it is obtained that:
dE
dt′
=
dE/ds
dt′/ds
= − a˙
a
E (42)
Since H ′ := a˙/a = 1/t′ = (aoˆ/a)∂t′(a/aoˆ) only depends
on time t′, the integration of Eq.42 trivially is:∫ Eoˆ
E(t′)
dE
E
= −
∫ t′oˆ
t′
aoˆ
a
d
dt′
(
a
aoˆ
)
dt′ → Eoˆ
E(t′)
=
a
aoˆ
(43)
where E(t′) := 1/λ and Eoˆ := 1/λoˆ are respectively the
emitted and received energy with wavelengths λ and λoˆ.
Therefore, redshift is:
z :=
λoˆ − λ
λ
=
aoˆ
a
− 1 (44)
and then, a/aoˆ = 1/(1 + z). Taking the derivative with
respect to t′:
d
dt′
(
a
aoˆ
)
= −
(
a
aoˆ
)2
dz
dt′
(45)
and using the null geodesic curve (Eq. 38):
dz
dr′
=
√
1− k−1(1− b)2
b(2k−1(b− 1) + 1)H
′ (46)
where H ′ = 1/t′ = aoˆ/(toˆa) = (1 + z)/toˆ is a function
on z. Therefore, the proper distance r′ can be obtained
from the redshift z. Particularly, the comoving distance
r′ is given by:
ξk
(
r′
toˆ
)
:=
∫ r′
0
√
1− k−1(1− b)2
b(2k−1(b− 1) + 1)
dr′
toˆ
=
∫ z
0
dz′
1 + z
(47)
Isolating the comoving distance and applying the map f irˆ
(Sect. II.C),
r′ = toˆξ
−1
k (ln(1 + z)) (48)
rˆ′ = f irˆ(toˆ, r
′) (49)
Metric tensor g′ describes a universe with linear expan-
sion, directly proportional to its age or time, t. That is,
Hubble parameter is H ′(t′) = a−1∂a/∂t′ = 1/t′, which
can be written using a/aoˆ = t
′/toˆ = 1/(1 + z).
C. Ricci curvature
The Ricci curvature tensor can be calculated from the
Riemann curvature tensor defined for signature (1,3) as:
Rαβ := R
µ
αµβ = ∂µΓ
µ
αβ − ∂βΓµµα + ΓµρµΓραβ − ΓµρβΓραµ(50)
where Γµαβ are the Christoffel symbols, which for the
affine connection Levi-Chivita it is satisfied that ∇g = 0
and g is symmetric (without torsion). Therefore:
Γµαβ =
1
2
gµν (∂αgνβ + ∂βgαν − ∂νgαβ) (51)
To obtain shorter expressions, we have worked with
gµν instead of g
′
µν , which locally coincide. After making
8the calculations, we can see that the time component
of the Ricci tensor is R00 ≡ 0 for all positions. This
contrasts with the FRW metric, in which it is obtained
that RFRW00 = −3a¨/a. The spatial elements are:
Rr′r′ = −
(
a˙
a
)2
2k2
2b− b2 + k − 1gr′r′ (52)
Rθθ = −
(
a˙
a
)2
(4b− b2 + 2k − 3)k2
(2b− b2 + k − 1)2 gθθ (53)
Rφφ = −
(
a˙
a
)2
(4b− b2 + 2k − 3)k2
(2b− b2 + k − 1)2 gφφ (54)
Therefore, the manifold is only maximally symmetric in
the spatial components (Rij = 1/3 · Rgij) at local scale
(r′ = 0, i.e. b = 1). In this case, the spatial part of the
Ricci tensor Rij approximates to Rij ≈ −2k(a˙/a)2gij .
This contrasts with the FRW result:
RFRWij = −
a¨
a
gFRWij − 2
(
a˙
a
)2
gFRWij −
2K
a2
gFRWij (55)
Finally, the Ricci scalar curvature is obtained from the
trace R := Rαα as:
R = −6k
2
t2
2b− 13 (2b2 + 1) + k − 1
(2b− b2 + k − 1)2 (56)
For the local limit (r′ = 0), the scalar curvature is simpli-
fied as R ≈ −6k/t2 = −6/(νt)2, as a 3-sphere (of radius
νt) embedded into R1,4. If k = 1, the Ricci scalar corre-
sponds to the case of FRW metric with linear scale factor
a = t/toˆ and curvature K = 0, i.e., this is apparently flat
under the FRW view.
Despite the assumption of linear expansion with con-
stant factor βo, this expansion could depend on the spa-
tial coordinates (~r, u(~r)), of course excluding the time
t, and then a most general constraint is |X −O|η =
β(~r, u)t. In this case, the resulting curvature k = 1/(1−
β(~r, u)2) also depends on the spatial coordinates. How-
ever, we can normalise the local limit as k(0, u(0)) = 1.
IV. OBSERVATIONAL COMPATIBILITY
A. Expansion of the universe
The proposed model suggests that the “radial velocity”
of the expanding S3t is constant (ν = k
−1/2 does not
depend on time t) in contrast to the standard cosmology,
which describes an acceleration [29, 31, 39, 40].
The observational compatibility of the hyperconical
model was checked using the 580 pairs of redshift and
modulus distance from the Union2.1 database [30] [31].
Results were compared with the standard ΛCDM cos-
mology. Their corresponding luminosity distance are:
rL,ΛCDM = (1 + z)r
′
ΛCDM (57)
rL,hyp = (1 + z)f
i
rˆ (toˆ, r
′
hyp) (58)
where r′ΛCDM is given by the Eq. 11, r′hyp is given by
Eq. 48 and f irˆ is the projection (Sect. II.C). The curva-
ture parameter k of the hyperconical model and ΩK of
the ΛCDM were fitted from the minimisation of χ2 for
the distance modulus (µtheo) predicted by each model
(according to Eq. 15). All error measurements are ex-
pressed in terms of one sigma confidence interval, ob-
tained from the variation of χ2.
As a result, the values of χ2 were minimised up to
χ20 = 562 for both the projected hyperconical and ΛCDM
models (Fig. 3). The fitted curvature was approximately
zero for ΛCDM (ΩK = −0.04 ± 0.04, Ωm ≡ 0.3, ΩΛ =
1−Ωm−ΩK), but it depends on the considered projection
for the hyperconical model. The curvature is negative if
the simplest f0 projection is applied (k = −5.3 ± 0.5,
χ20 = 570), while it was found positive under the other
two projections considered: f1 with k = 1.36 ± 0.10 (
χ20 = 564) and f
2 with k = 1.10± 0.08 (χ20 = 562).
Taking into account the 579 degree of freedom, the
value of χ20 = 562 corresponds to cumulative probability
(χ2 ≤ χ20) of 33%. That is, the value is below the obser-
vational limit of χ20 = 636 considered by the confidence
level of 95%.
Note that the negative curvature requires a Wick rota-
tion of the u-coordinate, low positive values (0 < k < 1)
imply that βo is imaginary. The obtained curvatures are:
k = 1.36±0.10 with β2o = 0.26±0.06 and k = 1.10±0.08
with β2o = 0.09 ± 0.06. If we consider the normalisation
k := 1, this corresponds to βo = 0.
On the other hand, the age of the universe is also
analysed. As the model proposed describes a universe
that expands linearly with time, there is an equivalence
between the Hubble time and the age of the universe
(FT = 1, according to Eq. 8). To contrast this hypothe-
sis, it is required to obtain model-independent measure-
ments of the expansion of the universe and the age. For
instance, globular clusters can be used to estimate the
lower limit of the age of the universe, but high uncer-
tainty is found for the distances, and thus for the bright-
ness, mass and age. With this, the oldest known glob-
ular clusters have stars with 1.4 ± 0.2 · 1010 years [35].
This value is compatible with the Hubble time under the
hyperconical model (1.41 ± 0.04 · 1010 years), estimated
assuming B-band absolute magnitude about −19.0± 0.5
for 175 nearby SNe Ia (z < 0.1).
Within the ΛCDM frame, the factor FT is close to
one. For the WMAP values (Ωm, ΩΛ) = (0.266, 0.732),
this is FT = 0.996, and for the Planck values (Ωm, ΩΛ)
= (0.3089, 0.6911), the factor is about FT = 0.956. The
analysis of the Planck Collaboration made different as-
sumptions from those used by the WMAP team [20, 36].
Regarding the local-to-global ratio (H0(L)/H0(G)) of
the Hubble parameter fitted to the SCP SNe Ia data
[37], the best fit when H0(L)/H0(G) = 1 is the well-known
ΩM = 0.28, ΩΛ = 0.72 cosmology found by Perlmutter et
al. [38]. These values coincide with the ones which lead to
9FIG. 3: Fitting theoretical distance modulus: a) Model dis-
crepancy (χ2) depending on curvature, b) Best fit for each
model. The used models are the standard ΛCDM (red line,
ΩK = −0.04 ± 0.04, Ωm ≡ 0.3, ΩΛ = 1 − Ωm − ΩK)
and the hyperconical with three projections (dark blue f0rˆ ,
k = −5.3 ± 0.5, light blue f1rˆ , k = 1.36 ± 0.10, and green
line f2rˆ , k = 1.10 ± 0.08) fitted to the distance modulus and
redshift from the SCP Union2.1 data.
the FT close to one. That is, the universe has expanded
so that just today Ho = 1/to, although standard theory
denies the possibility that H = 1/t. With the model
proposed in this paper, the coincidence of FT ≈ 1 could
be no accident.
B. Friedmann equations compatibility
Friedmann equations are the result of two assumptions.
First, Einstein field equations are applied at the cosmo-
logical scale; but perhaps they are only valid locally be-
cause they describe the intrinsic curvature caused by a
certain distribution of energy density. Second, a per-
fect fluid stress-energy tensor is considered for the Ein-
stein’s equations, leading to homogeneous and isotropic
solutions (FRW metric). Therefore, Friedmann equa-
tions are obtained assuming that spatial differential d~`
of the universe expands with a unknown scale factor a(t)
as d~` = a(t)d~`′, and then possible solutions of a(t) are
sought. In contrast, this study starts from a space-time
that expands as ~`= a(t)~`′ with a known a(t) = t/toˆ, i.e.
the expansion does not depend on matter content. How-
ever, GR must be satisfied at least locally and then pos-
sible solutions of the energy distribution can be sought.
Taking the Einstein tensor as Gαβ := Rαβ − gαβR/2,
and assuming Einstein field equations are valid at least
at local scale,
Gαβ − Λgαβ = 8piGTαβ (59)
where G is the gravitational constant, Λ is the cosmolog-
ical constant and Tαβ is the stress-energy tensor. Since
R00 = 0 and locally R ≈ −6k(a˙/a)2, the temporal
component of the Einstein tensor is G00 ≈ 3k(a˙/a)2.
And since locally Rij ≈ Rgij/3, spatial components are
Gij ≈ gijk(a˙/a)2. For convenience, it is considered the
local normalisation ko := k(0, u(0)) = 1.
Assuming that the universe is formed by a perfect fluid
with pressure p and density ρ, its stress-energy tensor is
Tαβ = (ρ+p)uαuβ−pgαβ . If the fluid is at rest, uα = δ0α,
the Einstein equations are locally:
3ko
(
a˙
a
)2
− Λ = 8piGρ (60)
ko
(
a˙
a
)2
gij − Λgij = −8piGpgij (61)
We can interpret that universe energies (Gρ and Λ)
are implicitly defined in Eq. 60 and 61 at the local scale.
That is, the energy distribution of the universe can be
obtained as a solution of these equations. The equations
can be rewritten as:
ko
(
a˙
a
)2
=
8piG
3
ρ+
Λ
3
(62)
ko
(
a˙
a
)2
= −8piGp+ Λ (63)
Comparing Eq. 62 and 63 with the Friedmann equa-
tions obtained in the FRW theory (Eq. 4 and 5), we can
see that they are compatible for a¨ = 0 and KFRW = 0,
i.e., an apparently flat universe. In fact, Eq. 62 can
be rewritten as ρcrit(t) = ρ + ρΛ, where ρcrit(t) :=
3koH
2/8piG and ρΛ := Λ/8piG, in agreement with Eq.
6. That is, critical density is equal to the total universe
density (sum of matter density ρ and dark energy density
ρΛ) at any time t. The coincidence between both densi-
ties seems to agree with observations, and it is an addi-
tional coincidence to the observed time quotient FT ≈ 1.
Since a = t/toˆ, and defining w := p/ρ as the parameter
of the matter state equation, it is found that Eq. 62 and
Eq. 63 are compatible if and only if w 6= −1. A solution
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for Λ and Gρ is given by:
4piGρ(1 + w) =
ko
t2
(64)
Λt2 = ko
1 + 3w
1 + w
(65)
If Λ is finite and constant, there are two possibilities:
1. In the limit as t approaches 0, w approaches −1/3.
2. If Λ 6= 0, it is expected that Λt2 = 3 for a certain
t, causing that w →∞ and this is impossible.
As Λ is constant, it necessarily must satisfy that Λ = 0
and w = −1/3 for any time t. This value is compatible
with the dark matter equation of state obtained from
the rotational curves of galaxies in [41, 42]. However, the
proposed model must be checked with other observables,
especially from CMB and kSZ cluster data, which exclude
inhomogeneous models as the LTB cosmologies at 1Gpc
scale [43].
V. INTERPRETATION OF THE MODEL
A. Obtaining the metric
The metric presented in this work cannot be obtained
from FRW universes because these combine a static spa-
tial manifold (the most general case of homogeneous and
isotropic) and an arbitrary scale factor that depends on
time t. The scale factor is not derived from the spatial
manifold but from the Friedmann equations, i.e. it de-
pends on the matter content according to the Einstein
field equations. In contrast, the proposed metric is di-
rectly obtained from an embedded manifold, which is
homogeneous and isotropic according to a static refer-
ence system (chart C). The scale factor is directly de-
rived from the expansion of the spatial submanifold and
does not depend on the matter contents of the universe
(i.e. gravity only perturbs the universe metric, without
modifying the global curvature).
The main difference of both procedures is that FRW is
obtained using an intrinsic view of the space-time while
the proposed metric is obtained from an extrinsic view,
i.e. the space-time is embedded into a higher dimensional
manifold. The key is to find an adequate transformation
from extrinsic to intrinsic view, satisfying the equivalence
of proper time measurements. Particularly, it is used a
deformation Tt that expands the spatial section up to
the current time t to measure a correct proper time (of
a comoving path). Note that, if Tt0 is used instead of
Tt, the proper time is also correct but Eq. 29 becomes a
static FRW metric (without scale factor, and then it is
an unrealistic universe).
In addition, to obtain a critical density ρcrit compati-
ble with observations (Sect. IV.B), a local normalisation
of the curvature is required as k = 1. If β is chosen as
a constant for all spatial positions, it must be β = 0.
For this purpose, we need to find an adequate projec-
tion f i that satisfies k = 1 (e.g. f2 is compatible within
the two sigma confidence region). In other words, the
problem of fitting the proposed model is reduced to find
an adequate transformation from the extrinsic view of a
symmetric manifold to the intrinsic view of an inhomo-
geneous manifold.
Note that, for the extrinsic view of the manifold H4,
it is required to consider a centre or focus O from which
we can define the hypersurfaces. The centre O is in the
support manifold (M,η1,4), where (H
4, η1,4) is embedded.
This centre is not in the hypersurface S3t for t > 0, and
therefore it does not exist now. In addition, if we draw
the comoving paths corresponding to the points of S3t , all
of them would have the point O at t = 0, corresponding
to the Big Bang. It is therefore impossible to distinguish
points privileged in S3t>0 (Copernican principle).
B. Modified Lagrangian density
If we assume that expansion of the universe does not
depend on matter content, we can think that GR could
be invalid at the cosmological scale. Applying the Fried-
mann equations at local scale, it is obtained that the
expansion is only compatible with the equation of state
w = −1/3 for the energy density of the universe, i.e.,
ρo = ρcrit and po = −ρcrit/3. This implies that the
Einstein field equations can be written as:
Gαβ = 8piGTαβ = 8piG (T
o
αβ + T
m
αβ) (66)
where Tmαβ is the stress-energy tensor of the ordinary
matter-energy and T oαβ = (ρo + po)uαuβ − pogαβ is
the stress-energy tensor of the background space-time
(universe), with w = −1/3 and energy density equal to
ρcrit = 3ko/8piGt
2. That is, the total Lagrangian density
is locally equal to:
L ≈ 1
16piG
(
R+
6ko
t2
)
+ LM (67)
where LM is the Lagrangian term of the ordinary mass-
energy. Note that the curvature term R + 6ko/t
2 cor-
responds to the local difference between the total Ricci
curvature R and the local limit of the Ricci curvature
estimated for the empty hyperconical universe, Ru ≈
−6ko/t2. Therefore, a modified gravity is required for
the general case. The simplest modification for the
Lagrangian density is given by the general difference
∆R := R−Ru, that is:
L = ∆R
16piG
+ LM (68)
Therefore, it is a simple type of modified gravity La-
grangian density, which leads to equations similar to
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those obtained using a flat FRW universe, because the
curvature of the universe is subtracted.
As the linear expansion of the proposed universe does
not depend on the matter content, Einstein field equa-
tions can be applied like in a flat universe with total com-
pensation of the matter effect (deceleration) by a dark en-
ergy effect (acceleration). And finally, the local gravity
becomes a perturbation theory respect to the (indepen-
dent) universe metric.
In order to probe this interpretation, we can derive a
perturbation metric gˆ from the curvature anomaly Rˆ :=
∆R of the universe, with all the local symmetries given
by a flat FRW metric, i.e.:
dXˆ2 = gˆµνXˆ
µXˆν = dtˆ2 − aˆ(tˆ)
(
drˆ′2 + rˆ′2dΣ2
)
(69)
where the measurements locally coincide for the time co-
ordinate dtˆ = df i
tˆ
(t,~0) ≡ dt and for the radial coordinates
d~ˆr′ = df irˆ(t,~0) ≡ d~r′. As rˆ′ is theoretically described by
the ΛCDM model, this should be equal to Eq. 49. That
is, the standard model should be obtained from the local
perturbation analysis under the hyperconical model.
Taking the null geodesic curve from the local metric
(Eq. 69), it is very easy to obtain the expression for the
(FRW) comoving distance (Eq. 10). And equating with
Eq. 49, it is obtained the following function composition:∫ z
0
dz′
1
Hˆ
= f irˆ ◦ ξ−1k ◦
∫ z
0
dz′
1
H
(70)
where Hˆ := aˆ−1daˆ/dtˆ is the local Hubble parameter and
H = 1 + z is the global value taking toˆ ≡ 1. Therefore,
the local expansion is given by:
Hˆ(z) =
(
d
dz′
◦ f irˆ ◦ ξ−1k ◦
∫ z′
0
dz
1
H
)−1
(z) (71)
On the other hand, the first Friedmann Equation is valid
at least for the local metric gˆ and then, we can identify
cosmological parameters equivalent to the radiation con-
tent (Ω4), matter content (Ω3) and dark energy (Ω1) for
compensation of the local gravity, i.e.
Hˆ(z) = Hˆ0
√
Ω4(1 + z)4 + Ω3(1 + z)3 + Ω1 (72)
where Hˆ0 := Hˆ(0). The values of these cosmological
parameters can be obtained fitting Eq. 72 to Eq. 71, but
they depend on the curvature k, i.e. on the projection
(Sect. II.C) applied to the function ξ−1k . At least for
z ≤ 1.41, the projection f1rˆ (with k = 0.45±0.15) obtains
Ω4 = 0.03± 0.03, Ω3 = 0.23± 0.03 and Ω1 = 0.74± 0.01.
For the projection f2rˆ (with k = 0.80±0.15), it is obtained
Ω4 = 0.02± 0.02, Ω3 = 0.25± 0.02 and Ω1 = 0.73± 0.01.
Note that are similar to the values obtained by WMAP
(Ωm = 0.279, ΩΛ = 0.721) under the ΛCDM model, but
they disagree with the Planck results [6, 20].
Moreover, the intrinsic coordinate time tˆ can be mea-
sured as the light-travel distance (Eq. 8), that is dtˆ =
−dz/((1 + z)Hˆ(z)) 6= dt using Eq. 71. It leads to the
identity tˆ(t,~0) ≡ t and the local approximation tˆ(t,~) ≈ t
for |~|  t.
Summarising, ΛCDM model is an intrinsic view of the
universe, with regional coordinates (~ˆr,tˆ) that show an ap-
parent acceleration. The hyperconical model is based on
the extrinsic view of a linearly expanding universe that,
with an appropriate transformation of the coordinates,
is regionally compatible with the ΛCDM model. An as-
sumption required is that gravity only affects the universe
on a local scale, which is equivalent to consider an ap-
parent flat universe. In other words, the matter perturbs
the metric but does not affect to the global curvature
Ru ≈ −6k(a˙/a)2.
With all this, we see that is possible to built a manifold
with positive global curvature and linear expansion (for
the local time t) that could explain the “flatness prob-
lem” and the (apparent) existence of the dark energy to
compensate the (apparent) action of the cosmic gravity.
VI. CONCLUSIONS
The FRW metric used in the standard ΛCDM model
is built combining a universe with homogeneous and
isotropic spatial section and a scale factor that is added to
explain its expansion. In this paper, the metric is directly
obtained for an embedded universe with linear expansion
and independent of the matter contents. Particularly, it
is considered that any observer is placed in a 3-spheroid
or 3-hyperboloid with radial expansion (4-hypercone).
One of the key assumptions is that the proper time of
each observer is preserved and thus fixes an initial refer-
ence time, although its actual position is moving in time
due to the expansion.
From this hypothesis, an inhomogeneous metric with
increasing curvature radius is obtained. For a particular
observer the scalar curvature is R = −6k/t2, as is ex-
pected for a 3-spherical surface embedded into R1,4. Tak-
ing the normalisation k := 1, this Ricci scalar coincides
for a flat FRW metric with linear expansion a = t/toˆ. It
has the same effect as if there is no curvature. This effect
implies that total density of the universe is equal to the
critical density at any time (“flatness problem”).
Regarding the observational compatibility, the pro-
posed model leads to an identity between the age of
the universe and Hubble time, consistent with a semi-
empirical quotient close to one within the standard
ΛCDM frame. Without curvature, the standard model
has a unique solution that satisfies this entity, which is
given by ΩΛ = 0.73 and Ωm = 0.27. For these values, a
homogeneous local-to-global ratio (H0(L)/H0(G) = 1) is
obtained. Expansion of the universe is also compatible
for the hyperconical model, which obtains a χ20 = 562,
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the same value that the standard ΛCDM model.
If we assume that Einstein field equations are valid at
least locally, the hyperconical universe model shows a t−2
dependence in all Ω terms of the Friedmann equations.
With this, matter would have an equation of state such
that w = −1/3 with G and Λ constants. To be consis-
tent, this leads to a modified Lagrangian density of the
universe, subtracting the term of cosmological curvature.
In other words, the gravity becomes a perturbation the-
ory respect a universe expanding regardless of the matter
content. With this, the ΛCDM model can be interpreted
as a local perturbation theory compatible with the hy-
perconical model.
The two coincidences of the apparent flatness and the
age of the universe should not be understood as a mere
fortuity that has just happened “today”. The proposed
model in this work is still a first approximation, but it
should be understood as a suggestion to be analysed in
greater depth. Particularly, other coordinate transforma-
tions should be explored. In addition, it must be checked
with other observables, especially from CMB and kSZ
cluster data, which exclude LTB models at 1Gpc scale.
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